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1. INTRODUCTION 
Let 52 be a bounded open subset of R3 representing a homogeneous solid 
through which heat flows. If u(x, t) denotes the temperature of a point x E Sz 
at time t, it is well known (see, for example, [6, Chap. I]) that u satisfies the 
partial differential equation 
pc 2 = div(KVu), (1) 
where p > 0 is the density, c > 0 is the specific heat, and K > 0 is the thermal 
conductivity of the substance. It is customary to assume that p, c, and K are 
constant and so to derive the linear heat equation from (1). A more appropriate 
model physically takes into account the possible dependency of K on the temper- 
ature; see [6, p. lo]. If we therefore suppose that p and c are constant, but that 
K is a function of u, then (1) may be rewritten as 
g - d+(u) = 0, (2) 
where 4(O) = 0 and 4’ = K/PC > 0. Assume furthermore that an initial temper- 
ature configuration U,,(X) is known and that the temperature is kept constant at 
all times on the boundary aJ2 of 52, say at zero. This leads to the nonlinear 
initial-value problem: 
g (x, t) - d&24(x, t)) = 0 (x, t) E J-2 x (0, T) 
u(x, t) = 0 (x, t) E al2 x (0, T) (3) 
u(x, 0) = qJ(x) XEf2. 
where Q, T > 0, u,, , and + are given, and the function u(x, t) is the unknown. 
This paper establishes regularity properties for the solution of (3) under the 
key assumptions that 4: R -P R is increasing and that 4-l: R - R is Lipschitz 
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continuous (physically, the thermal conductivity is bounded away from zero for 
all temperatures). This investigation is motivated by the theory of nonlinear 
semigroups, here set in U(Q). Notice that the L1 norm of the temperature has a 
physical meaning corresponding to the heat energy. 
Suppose now that Q is a bounded open subset of R” with a smooth boundary 
&Q. Let T > 0 be fixed. Our main result is the following: 
THEOREM 1. Assume that 4 is a continuous, strictly increasing function defined 
on the entire real line with d(O) = 0. Suppose also that $-l is everywhere defined 
and is uniformly Lipschitx continuous. 
Then for every u,, EL’(Q) there exists a unique function u E C([O, T];U(Q)) 
such that 
(9 u(O) = u. , 
(ii) ut 4oo(0, T; L2(Q)), 
(iii) 4(u) E H2(Q) n H:(Q) a.e. [t], 
(iv) ut - d+(u) = 0 a.e. [t]. 
Therefore, u is dajferentiable a.e. into L2(s2) and so is also da@rentiable a.e. into 
Ll(s2). 
For n 3 3 we have the estimate 
T(n+6)‘2 /I~(u(T))$,+, + J’I t(n+6)‘2u; < TC II u. II&, 
0 a-2 
the constant C depending only on n, Q, and the Lipschitz contestant for 4-l. 
Theorem 1 thus guarantees that there is a strong solution of (3), even for 
nonsmooth data u. in Ll(Q) and even for a 4 that is allowed to grow arbitrarily 
rapidZy (so long as it grows at least rapidly enough to ensure that 4-l is Lipschitz). 
Notice that 4(uo) need not be in Ll(Q). 
Remark. It is known that without some restriction on 4 (like the one imposed 
on +-l here) the conclusion of Theorem 1 may be false; see [I, p. 4671 for an 
example of a solution to ut = (u~)~~ , for which u$(x, t) 4 L2 for any t > 0. 
Problem (3) has been previously studied from the semigroup viewpoint by 
several authors, for example, Konishi [9] and especially Benilan [2], whose 
investigation provides a starting point for much of the following. See also 
Brezis [4, Corollary 311 and Lions [lo, Sect. 2.31 for this problem set in H-1(9). 
What is new with this paper is our demonstration that the semigroup solution 
of (3) is actually differentiable a.e. (when 4-i is Lipschitz) for arbitrary data 
u. ill; Benilan established a similar result in [2, Proposition 11.2.181, but 
required additional restrictive hypotheses. 
Section 2 below recalls certain known results from nonlinear semigroup 
theory, in particular that the operator --d+(u) generates a semigroup on J!?(B). 
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In Section 3 we prove Theorem 1 for the case that 4 is Cl, with $’ positive and 
bounded away from zero; in Section 4 we extend this argument by standard 
approximation methods to the general case. Section 5 comprises some formal 
estimates indicating applications of our method to two other nonlinear problems 
set in L*(O). 
2. THE OPERATOR ---d+(u) IN U(Q) 
This section collects for later reference some known facts about the operator 
---d+(u). We assume that the reader is familiar with the terminology and basic 
theory of accretive operators and nonlinear semigroups in an arbitrary Banach 
space; the survey article [7] by Crandall is a good introduction to the subject. 
(In Section 3 we employ some parts of the theory of monotone operators in a 
Hilbert space; [3] is the best source for this.) 
Define D(B) = {U E wlJ(Q) / du Eli) and let Bu E --Au for ZJ E D(B). 
Assume that 4 has the properties indicated in Theorem 1. Then define D(A) = 
(U EU(SZ) ( 4(u) E D(B)} and Au = --d+(u) for u E D(A). 
The significant properties of the operator A are summarized as follows: 
PROPOSITION 1. (i) A is m-accretive in Ll(Q); 
(ii) D(A) is dense in U(Q); 
(iii) A generates a nonlinear semigroup Sa(t), defined on Ll(IR); 
(3 II SAW IIm2) d II u IILPCrJ) > 
fat all 1 < p < co, u E Lp(Q), and t >, 0. 
Note that although the semigroup preserves norms in each LP space, the 
operator A is accretive with respect to only the L1 norm (unless 4(x) = x). 
Proof. Statements (i) and (iv) are established by Benilan in [2, Chap. II, 
Theo&me 2.1 and Corollaire 2.121. Assertion (iii) follows from (i), (ii), and the 
Generation Theorem of Crandall and Liggett [8]. The density of D(A) is also 
known, but there seems to be no reference in the literature: We therefore 
provide a proof here. 
Let u be a simple function of the form 
m 
u = C aixc, 
i=l 
where the Ci are disjoint open cubes whose closures are contained in Q, and 
the a,‘s are real numbers. Then 4(u) = zy=, +(ai) xc, is a simple function of the 
same form. We may choose wL E 9(Q) so that WJX) = #J(u(x)) except for x con- 
tained in a subset A, of iR, m(A,) < 1 /k, and so that / wk 1 < max{ / +(a,)],..., 
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1 ~(a,)(} = K. Define u&(x) z +-‘(w~(x)) (= U(X) for x E &I\&.); 4-r is con- 
tinuous and so uk E C(Q). We have 
G l/k ( sup I +-‘(0I + II u II& 
-K<E<K 
= constlk. 
Thus, uk -+ I( in Lr(sZ) and ulc E D(B). Since simple functions u of the indicated 
form are dense in L’(Q), so is D(B). 1 
Remark. Using (i) and (iii) from Proposition 1, it is not hard to show that 
the map I -+ ]l(d/dt) S,,(t) us IlLI (when this derivative exists) is nonincreasing. 
Hence (4) will imply the weaker estimate: 
3. PROOF OF THEOREM 1 FOR SMOOTH 4 AND uO 
Here we prove Theorem 1 under the additional assumptions that $: R -+ R 
is Cl, C’(X) > 8 > 0 for all x E R, and us E H,,*(Q) n Lot(Q). Since u,, is bounded, 
Proposition l(iv), allows us to redefine $ off the interval [-II u,, llLm , ‘I I(,, iLoo] 
without affecting the solution. We may therefore without loss of generality 
suppose that 9’(x) < M for ail x E R. 
Consider the operator -Au for u E Ha(R) n H,-,‘(Q). This is the L* realization 
of the operator B introduced in Section 2; abusing the notation slightly, we 
denote both operators by B. Following the approach of Benilan in [2] we con- 
struct, for all 0 < h < 1, solutions a(t) to the approximate problems: 
u,(O) = u. . 
That such uA exist follows from our assumptions on us and + and from [3, 
Corollaire 1.11. (Here B, denotes the Yosida approximation to the maximal 
monotone operator B in I?(Q).) 
Define 
tw = 3 I, I vu I2 u E H,‘(Q), 
=+a2 otherwise; 
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then a#, the subdifferential of #, is the operator B. We have 
since us E Hsl(Q) and + is Cl. But 4,+(w) = JI(JAw) + h/2 Ij BAw I]~s, where 
J,+ = (I + hB)-I. Therefore (7) implies that 
sup sup II J*+(uJr))ll,Ol G C. 
O-G<1 O<t<T 
(8) 
Using (7) again, we see that {d~A(t)/dt}O<A<l is a bounded subset of La(O, T; L2(i2)) 
and therefore that {J,++(un(t))}o<h<i is an equicontinuous family from [0, T] 
into D(Q). This observation, estimate (8) the compactness of the injection 
Hoi(Q) CL*(Q), and the (Banach space) Arzela-Ascoli theorem imply that 
uAehmlO<A<l is precompact in C([O, T];L2(f2)). In addition, 
by (71, and so -WA(~))>O<A<~ is precompact in L2(0, T; L2(Q)). But 4-l is Lipschitz 
continuous and so {~~(t)}o<n<l is also precompact. 
Hence there is a sequence h,‘x 0 and a function u E L2(0, T;L2(Q)), with 
du/dt E ,V(O, T; L2(Q)), such that 
%,W - 44 
du,m 
-&-- (6 - $ (t) 
in L2(0, T, La(Q)) (“-” denoting weak convergence). 
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Let us now assume that tr > 3 and return to estimate (6). Set k = 42, 
multiply by tk+s, and integrate: 
8 = 
Sf 
duA2 tw - 
0 R dt 
Let X, \ 0 in this inequality and recall (8) and (9): 
By [2, Lemma 11.2.91 and [5, Convergence Theorem 3.11, we have that 
u(t) Ez S”(t) 240 . Furthermore, the assumptions on 4 and u. in this section and 
Proposition l(iv) imply that the right-hand side of (10) is finite. From [3, 
Proposition A.61 it follows that u is differentiable a.e. into L2(s1) and so into 
U(O). The general nonlinear semigroup theory thus guarantees that 
g (t) - d+@(t)) = 0 a.e. [t]; (11) 
see [12, Theorem 11. 
We now must estimate the right-hand side of (10) in terms of 11 U, ]lLr . For 
this notice first of all that (10) and (11) imply $(u) E H2 n Ho1 a.e. Hence 
JoTi t”+l 1 v+(u)12 = -lTi tk+l&u) $ 
= =- ss 0 R t”+l $ @(u) 
< (k + 1) i=s, t”@(u), 
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where D(x) = E 4(E) & (and so 0 < @J(X) G x+(x)). Therefore, 
Now define p = 2n/(n - 2) and q = 2n/(n + 2); then p > 2 > q 
l/p + l/q = 1. By a basic Sobolev inequality we have the estimate 
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> 
(12) 
1 and 
(13) 
for l/p = 01 + (1 - cy)/p, (Y = 4/(n + 2). Furthermore, (1 u llLp < l/e II +(u)ll~ 
since Q’ > 0 > 0. Therefore 
s R w4 G c II u I& II +wI”,- 
< c II 24 ll”L II v(u>lI~~a 
by (13). Using this estimate in (12) we calculate that 
by Proposition l(iv) 
= Cl (1 u. l/;p+2) IT tn’2 11 V+(u)l~‘(n+2). 
0 
Now employYoung’s inequality in the form: 
ab < tar + Cbs 
with r = (n + 2)/n, s = (n + 2)/2. This implies 
t(‘-‘)” II V(u>ll”,a i- CT II u. II”,, 
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Therefore, 
this estimate and inequality (10) imply 
A review of the argument shows that the constant C depends on Q, n, and 0, but 
not on u. . 
4. PROOF OF THEOREM 1 FOR THE GENERAL CASE 
This section completes the proof of Theorem 1 by means of an approximation 
argument based on estimate (14). 
Let us first of all assume that u. E Hoi(Q) n L”(Q) still, but now that 4 is as 
indicated in the statement of the theorem. Set j3 = 4-r; j3 is increasing, every- 
where defined on R, and uniformly Lipschitz continuous. Choose p E Cm(R), 
P>O, Jp=Lp= 0 off [-1, I]. Let E > 0 and define 
with the constant c, selected so that PC(O) = 0. Then the /I6 are increasing, Cm, 
and have uniformly bounded Lipschitz constants; in addition 8, --+/I as E L 0, 
uniformly on compact subsets of R. 
Now let q$ = (/Q-r and A,u = --A+<(U) with the obvious domain. The func- 
tions & satisfy the hypotheses of Section 4 and so estimate (14) (& replacing 4) 
obtains for zl,(t) = S, (t) u. , the constant C independent of E. Furthermore, 
we know from ProposiGon 11.2.17 in [2] that 
(I + AA,)-1 z1-+ (I + AA)-1 w 
in C(D) as E L 0, for all w ELM and h > 0. Since L* is dense in L1 and since 
all the resolvents are contractions with respect to the L1 norm, it follows that 
(I + AA,)-1 v + (I + AA)-’ e, 
in L1(12) for all w ~U(i.2). We may therefore once more invoke the convergence 
theorem of Brezis and Pazy [5] to conclude that Sac(t) u. ---f SA(t) ‘co in 
C([O, T]; Ll(f2)) as e L 0. By (14), jl +c(~E( T))IIH,qJa) is bounded uniformly in E; 
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and so, passing to an appropriate subsequence 6% L 0, ds,(uf,( T)) - w in 
WW~ &p<n( TN --+ eu in G(Q). Then 
!I U<JT) - d-w)llL~ G II /%“(4C,(%“(W) - P&4IIL~ + II PC,@) - PWIL~ 
-G c II d&r,(T)) - w /IL2 + II &,(w) - B(W)llL1 - 
For each x E 52, /~Jw(x)) -+ /3(w(x)) and 1 ~,(w(x)) - ,8(w(x))l < 2C j w(x)i, since 
the BE have uniformly bounded Lipschitz constants. Using the Dominated 
Convergence Theorem and passing to limits in the preceding inequality, we 
conclude that u( 2’) = S,(T) u,, = $-l(w); i.e., +(S,( T) u,,) E H,,‘(Q). Further- 
more, du,“/dt - du/dt in I&,(0, T; L2(sZ)); and so estimate (14) is still valid for 
u(t) = S,(t) 240. 
Now assume that u. ELM and select uoil E &l(Q) nLm(Q), uoI~ ---f u. in 
Ll(sZ). For each function uk(t) = S,(t) uok we have estimate (14) with uoli 
replacing u,, . Hence (14) is still true for the limit function u(t) 5-1 S,(t) u0 . 
Theorem 1 is proved. 
5. OTHER APPLICATIONS OF THE METHOD 
In this section we present some formal estimates for two other nonlinear 
problems with initial data taken in L l. The solutions studied here correspond 
to semigroups generated by operators accretive in L’(Q) (and, in fact, accretive 
in Lp(Q) for all 1 <$I < +oo). 
a. ut - du +/3(u) = 0 
Let /3: R + R be nondecreasing, /3(O) = 0. Consider the similinear initial- 
value problem: 
g (x, t) - Au@, t> + jl(u(x, t)) = 0 (x, t) E Q x (0, q 
u(x, t) = 0 (x, t) E a2 x (0, T) (15) 
4x, 0) = uo(x) XEQ, 
where Sz _C R” is open, but need not 6e bounded. Assume that u(x, t) is a classical 
solution of (15). Let us estimate jl I+(%, T)IJLz(o, in terms of T, 12, and ij uu j!L~(nj . 
Set k = n/2, multiply ut2 by tk+2, and integrate 
T 
ss 
tkf2,+2 
0 R 
T 
IS 
T 
= t”+2u,Au -
IS 
t”+%,j3(u) 
0 R 0 n 
- !i JOTS, tk+2 g I vu I2 - IoTs, t”+t?wt 
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(where j(x) = .ffiW> dt, 0 d j(x) < #W) 
I Vu@, T)l* + ‘+ j’j 
0 S-J 
t"+' ( Vu (:! + (k $- 2) j”=j-- t”’ ‘/I(u) II. 
Hence 
-- T;* ja [ Vu@, T)[* $- l=jQ tL+%,* 
\ - j <A+2 * 
(16) 
2 j 0 n 
P+' I Vu I2 + (k + 2) L’jn tk+‘/3(u) u. 
Furthermore, 
LTjntk+l[l vu 12 t y~(~)l = LTjn tk+'[-LIU + /t?(u)] u = - 4. lja TV+', 
for p = 2n/(n - 2), Q = 2n/(n -C 2) 
k+l * <---- I 2 0 t”li u ll:;“II u ilfl 
where l/q = (x + (1 - 01)/p, (I = 4/(n + 2) 
using inequality (13) and noting that the constant C does not depend on Q. It is 
not difficult to verify that the L’ norm of the solution of (15) is for all time t 
less than or equal to the L1 norm of the initial data. Hence 
jOTjQ tk+‘[lvu I2 + ul5(41 G c II u. I/;1 joT tk II vu II;2 
* GB J-I tk+' 1 Vu I* + CT II u. II;, 0 n 
(cf. the calculations preceeding inequality (14) in Section 3). This estimate and 
(16) imply 
and 
T 
IS t(“+‘)‘“ut2 < CT 11 u. II”,1 . 0 R (18) 
A NONLINEAR SEMIGROUP IN L1 713 
Since the operator Au = -Au + p(u) is monotone on L2(9), // ut I/Lz(o) is a 
nonincreasing function of t. So (18) implies 
Remark. Estimate (19) allows an extension of some recent results of Massey 
[l l] to an unbounded 52. 
b. z+ - (d/dx,)f,i(Vu) = 0 
Suppose that f: R” -+ R is smooth, convex, and nonnegative, f (0) = 0, and 
the Hessian matrix (( fzJx))) satisfies 
e I 5 I2 GfzlcxJx) titj PO) 
for all x E R” and all 5 = ([, ,..., 6,) E R”, where 0 > 0, 0 independent of x. 
(Here we adopt the implicit summation convention.). Let us investigate the 
nonlinear initial-value problem: 
g (x, t) - -&f.pu) = 0 (X,QEQ x (O,T) 
z 
u(x, t) = 0 (x, t) E ai2 x (0, T) (21) 
u(x, 0) = uo(x) XEQ; 
here J2 Z R” is open, but need not be bounded. Assume that u is a classical solution 
of (21). Then for k = n/2, we have 
T ss t”+Q,2 = 0 R ss T t”+2Ut -gfZi(VU) 0 n z 
T 
=- 
ss 0 0 tk+2%itf2i(VU) 
T 
=- 
IS 0 R 
tk+2 g f (Vu) 
< @ + 2) joTJ-* t”+f(W 
(f is convex and so f (5) -f(7) > f$i(~) (SC - Q) for all 5,~ E Rn) 
= -(k + 2) LTJQ t”+luut 
< Q iTJ-, tk+2ut2 + c J’S t”u2; 
0 0 
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therefore, 
T 
SJ- 
T 
tkf2Ut2 ,< c 
0 sa SI 
tw. (22) 
0 n 
By Taylor’s theorem 
f(O) -f(W +fziw (-ULCJ + ~fs,.,(W (-%J (-f&j> 
and 
fW = J”(O) + f&l uq + ~fqqvw (SJ hoj) 
for some 0 < s, r < 1; so our assumptions on f imply 
fzp4 Kq z 0 I vu lZ. 
Hence 
1 T _-- 20 o * tk+‘b2h $I 
T 
<c 
SI 
tw 
0 n 
where p, q, and a are defined as before ; and we have used the easily verified fact 
that the L1 norm of the solution is bounded by the L1 norm of the data IC, . 
Therefore, 
and so (using (23) again) 
Recall (22) and note that t -+ 11 ut lI&) is nonincreasing. We derive the estimate 
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Remak. Inequality (22) gives an estimate for ut in L&,(0, cL2(52)) when 
u0 ELM, even if we do not assume condition (20). This is a special case of a 
theorem of Brezis (see [3, ThCorkme 3.21) about the regularity of solutions of the 
problem ut + Au = 0, u,, E D(A) C H, H a Hilbert space, and A is the sub- 
differential of a lower semicontinuous convex function. 
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